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Discuss ion  

The pa t te rns  in Figs. 1-3 m a y  be considered to be a 
composite of three superimposed nets each corre- 
sponding to the  CuAu I te t ragonal  s tructure,  in the  
three orientations d rawn in Fig. 5. The three nets 
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Fig. 5. Four figures in reciprocal space. In A the C axis is _[_ to 
the paper and in B and C the axis is lying in opposite 
directions in this plane. The diagram D shows how, by 
superimposing these planes, the three spots can be accounted 
for in the pattern. 

superimposed in this way  account  for the  three spots 
observed at  the  {200} positions. The diffuse character  
of the diffraction spots in Figs. 1 and 2 can be inter- 

preted respectively as a consequence of small domain  
size (Fig. 1) and  imperfect  order within the  domains 
(Fig. 2). 

The splitt ing of the  supers t ructure  reflections (Figs. 
2 and 3) into four symmetr ical ly  ar ranged intensi ty  
spots m a y  be interpreted as arising from an elongated 
uni t  cell made  up of five te t ragonal  cells in line with 
five more cells displaced ½ao+½c o. This consti tutes a 
multiple uni t  cell made  up of ten ordered te t ragonal  
cells bisected by  an 'out-of-step'  boundry  and is 
identical with the  cell proposed by  Johannssen  & 
Linde (1936) see Fig. 6. These effects are similar to 
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Fig. 6. Reciprocal lattice of AuCu II  position of crosses 
as they appear in reciprocal space. 

diffuse X - r a y  effects given by  CuaAu. Their interpre- 
ta t ion  is the  same as t ha t  given by  Guinier & Griffoul 
(1948). 

Throughout  this s tudy  the  au thor  has had  the  
benefit  of m a n y  helpful suggestions from Dr  B . W .  
Roberts .  
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X - r a y  S c a t t e r i n g  f r o m  CC14 

BY K. E. BANYARD 

Department of Physics, University of Leicester, England 

(Received 7 November 1958) 

By using a recent development for the calculation of the X-ray scattering from a gas of non-spherical 
molecules the scattering factor for CC14 has been computed. In  this way it was possible to establish 
some comparison with experiment regarding the 'valence' electron distribution in such a molecule 
when described by a Thomas-Fermi method. Further,  a test was provided of the range of applica- 
bility of the general t reatment used for evaluating the scattering factor. 

1. Introduction 

In  a recent paper  by  Coulson & March (1956) a 
modified Thomas -Fe rmi  (T.F.)  t r ea tmen t  was devel- 

oped for te t rahedra l  and octahedral  molecules with 
heavy  atoms in the outer  positions. Whilst  retaining 
within their  approximat ion  the  simplicity of a central- 
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field problem, their scheme allowed the inner-shell 
and valence electrons to be treated separately and at  
the same time the exclusion principle to be imposed. 
This scheme was applied to CC1 a by Banyard & March 
(1956), a comparison then being made between the 
distribution of valence electrons resulting from each of 
three methods. These were, firstly, the two methods 
proposed earlier by March (1952), viz. (i) a straight- 
forward T.F.  t reatment  in which the nuclear charges 
of the outer atoms were smeared out over the surface 
of a sphere whose radius was equal to the C-C1 bond 
length, and (ii) a more drastic 'compression model' 
whereby the T.F.  method was applied to a system in 
which the K- and L-shell C1 electrons were first 
compressed into the nuclei and the smoothing ap- 
proximation then applied to the effective nuclear 
charges. Finally, method (iii) was the modified T.F.  
scheme developed by Coulson & March (1956). 

The discussion of Banyard & March (1956) makes it 
of interest to a t tempt  some comparison with experi- 
ment  for CC14, particularly with a view to gaining 
further insight into the usefulness of such methods for 
molecules having highly localized inner-shell electrons. 
The recent development of a general t reatment  for 
evaluating the X-ray scattering from a gas of non- 
spherical molecules provides us with a means of cor- 
relation with experiment. Further,  the application of 
this t reatment  to CC14, with its heavy outer atoms, 
will provide a ready test of its range of applicability 
in determining the scattering factor for such a mole- 
cule. 

nucleus will appreciably influence the form of the 
scattering factor. Thus, the density of these regions 
of C1 inner-shell electrons described by Slater wave 
functions following method (iii) is expressed in the 
form of equation (4) taking the carbon nucleus as 
origin. 

The scattering contribution from the O00(0) term 
in the total  electron-density expansion is seen from 
(3) to be 

I co sin (~ r ) .  2" 
f00(~)---- Q 0 0 ( r ) - - - - a : ~ r  a r ,  (5) 

0 (~r) 

where Qoo(r) is the sum of (a) the density of the 2 - 1 s  
inner-shell electrons of carbon, (b) the 40 C1 inner- 
shell electrons when averaged over angles, and (c) 
the distribution of the so-called 32 valence electrons. 
Thus, all the subsequent angular terms included in 
the present account arise from allowing the 40 C1 
inner-shell electrons to retain their localized unper- 
turbed form. Using the densities for (a), (b) and (c) 
obtained by method (iii) (see Banyard & March, 1956; 
Figs. 3, 1 and curve (1) of Fig. 4 respectively) the 
integrals were evaluated by standard numerical proce- 
dure for various values of (sin 10)/~t; atomic units 

2. Evaluation of the scattering factor 

From a knowledge of the electron density within a 
molecule, Banyard & March (1957) have shown how 
the X-ray scattering factor, f(u), may  be determined 
for a gas of non-spherical molecules. Following their 
notation, they showed tha t  the general expression 

sin (~r12) dT1dT2 (1) 
~rl 2 

for the mean coherent scattering (see, for example, 
Pirenne (1946), p.57) as a function of n = 4~ (sin½0)/2 
can be reduced to the form 

where 

and 

co +n 
f2(u)- -  ~ ~ f~*m(u)f~(u) (2) 

n ~  0 m - ~ - - n  

xOO 

fnm(~) = (2Z) 3/2 f Q,m(r) J~+½ (xr) .o (ur)½ rgdr (3) 

co +n 
~(r) = 2½ ~ ~ Qnm(r)O,~,n(O)e i ' ~  . (4) 

n = O  m = - - n  

The valence-electron distribution for CC1 a obtained 
by methods (i), (ii) and (iii) and the density of the 
two K-shell electrons of carbon possess spherical sym- 
metry. However, it is realized tha t  the localization of 
the ten K- and L-shell electrons centred on each C1 

(sin 0 /2) /~  

Fig. 1. Contr ibut ions  to the  X - r a y  sca t ter ing  factor .  Curve (a), 
the  two ls  ca rbon  electrons;  curve (b), the  averaged  C1 
inner-shell e lectrons;  curves  (c} and  (d), the  valence e lect ron 
dis t r ibut ions  f rom m e t h o d s  (iii) and (ii) respect ively .  

32* 
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were used throughout this work. For comparison, the 
corresponding calculation was performed using the 
valence density obtained by the 'compression model', 
(ii) (see Banyard & March, 1956; curve (3) of Fig. 4). 
The results are shown here in Fig. 1. The scattering 
contribution using the valence distribution from (i) 
(see Banyard & March, 1956; curve (2) of Fig. 4) 
was not computed since it would closely resemble 
curve (c) of Fig. 1. 

Following Cundy (1937), the angular terms in the 
expansion of the C1 inner-shell density are 

032(0) sin 2q, O4o(0), 044(0) cos 4~, 
0 6 0 ( 0 ) ,  0 6 4 ( 0  ) COS 4(p,  . . .  • 
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Fig.  2. X - r a y  sca t te r ing  fac tor  for CCI 4. Theore t ica l :  Curves  
(a) and  (b), us ing  the  d i s t r ibu t ion  of valence  e lect rons  f rom 
m e t h o d s  (iii) and  (ii) respect ively .  E x p e r i m e n t a l :  Curves  
(d) and  (c), ex t r ac t ed  f rom the  f i t t ed  expe r imen ta l  curves  
of van  der  Gr in ten  and  the  p resen t  work  respect ively.  

The functions fnm(~) of equation (3) were computed 
for various values of (sin ~0)/2 for all terms up to 
060(0) inclusive. Using equation (2), the X-ray scat- 
tering factor for CC14 was determined. The results are 
presented as a function of (sin ½0)/~t and are shown 
in Fig. 2. Curve (a) is for method (iii) and curve (b) 
is for the case when the valence electrons are described 
by (ii), namely the 'compression model'. 

3. D i scuss ion  of e x p e r i m e n t a l  resul t s  

The graphical representation of the total scattered 
intensity from CC14 as a function of (sin ½0)/2 ob- 

rained by van der Grinten (1933) (see Fig. 7) proves 
a suitable source of experimental data. Although the 
intensity scale is not quoted this can be evaluated 
since van der Grinten fitted his experimental curve to 
a total theoretical scattering curve calculated by using 
the expression in parenthesis from his equation (8). 
The incoherent part  of the scattered intensity was 
calculated using the method of Heisenberg-Bewilogua 
(1931), whereas the mean coherent intensity was 
determined by the 'interference-like' t reatment  (see, 
for example, Pirenne, 1946, p. 58). The theoretical 
and fitted experimental intensity curves of van der 
Grinten are coincident in the region of the first 
maxima. A calculation of the total  theoretical scat- 
tering for the corresponding values of (sin½0)/2 
immediately fixed the intensity scale. Assuming, for 
the present, tha t  we now know the absolute intensity 
scale, the mean coherent scattering was then ex- 
tracted from the fitted experimental curve, the method 
of Heisenberg-Bewilogua being used for the incoherent 
intensity. Curve (d) of Fig. 2 shows the resulting 
coherent scattering factor plotted as a function of 
(sin ½0)/~t. 

At this point it was thought profitable to present 
the experimental results in a slightly different manner. 
Following van der Grinten, his experimental curve 
was fitted in the region of the first maxima to the total 
theoretical intensity curve obtained here, this being 
the sum of the coherent scattering of § 2 and the in- 
coherent intensity evaluated as before by the method 
of Heisenberg-Bewilogua. The mean coherent intensity 
was then extracted from this scaled experimental 
curve. The result is shown in curve (c) of Fig. 2 in the 
form of the scattering factor expressed as a function of 
(sin ½0)/2. Experimental results for (sin ½0)/A < 0-05 
were unobtainable from van der Grinten's work; thus 
curves (c) and (d) of Fig. 2 terminate at tha t  value. 

4. D i scuss ion  of resu l t s  

Convergence of the series (2) when applied to CC14 
was by no means as rapid as that  found on application 
to other molecules, for example H20 (see Banyard & 
March, 1957). This is not so surprising since the 
intense localization of charge about the C1 nuclei 
naturally increases the importance of the angular terms 
in the expansion of the density. I t  should perhaps be 
emphasized here tha t  in the present work all angular 
terms in the density expansion, i.e. terms not involving 
O00(0), arise solely from the existence of the localized 
C1 inner-shell electrons. By including those terms 
stated in § 2 convergence of (2) to within graphical 
accuracy was obtained for (sin ½0)/2 < 0.14. I t  was 
interesting to note not only how the inclusion of higher 
angular terms caused the convergence to extend to 
larger values of (sin ½0)/2, but also how their in- 
clusion by means of (2) caused the maxima and 
minima in the subsequent scattering curve to move 
steadily towards higher values of (sin ½0)/2. This is 
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thought to explain why, for example, the third 'peak' 
in the theoretical scattering curve is situated at a 
smaller value of (sin ~0)/~ than is the corresponding 
'peak' of the experimental curves. The lack of coin- 
cidence on the (sin ½0)/). scale of equivalent regions 
between the experimental and theoretical curves was 
found to be indicative of the lack of convergence of 
series (2) in that  region of (sin ½0)/~. 

In the absence of any absolute scale associated with 
van der Grinten's experimental curve, it initially 
seemed worth while to make a comparison between our 
theoretical curve (a) and the corresponding fitted 
curve (c) of experiment, see Fig. 2. Even allowing for 
the lack of convergence, which is in fact small in the 
region of the second minima although increasing con- 
siderably as we approach the third maxima, the agree- 
ment is not good. This, coupled with the excellent 
correspondence obtained between the curves of van 
der Grinten (see his Fig. 7 or Pirenne, 1946, Fig. 52) 
over such a large range of (sin ½0)/~ leads one to 
suppose that  curve (d) of Fig. 2 based on his results 
might well be regarded as a measure of the absolute 
experimental scattering. 

Although the agreement between the theoretical and 
fitted experimental curves of van der Grinten was so 
good, the use of the 'interference-like' treatment for 
calculating his theoretical scattering curve is less 
fundamental than that  described here, in which use 
was also made of the results of Banyard & March 
(1956). 

The difference between the contributions to the total 
coherent scattering factor provided by the valence 
electrons when described by methods (ii) and (iii) 
(see curves (d) and (c) of Fig. 1 respectively) is re- 
flected in the corresponding scattering curves of Fig. 2. 
From Fig. 2 we see that  the valence-electron distribu- 
tion given by method (ii) results in a scattering curve 
(b) which appears to be in slightly better agreement 
with experiment than that  obtained from the results 
of method (ifi). However, it must be remembered that  
(fi), i.e. the 'compression model', is basically less 
sound than method (iii) since it violates the exclusion 
principle. 

To obtain some indication of the importance of 
angular terms associated with the distribution of 
valence electrons in CC14, the theoretical curve (a) of 
Fig. 2 was fitted to the experimental curve (d) by 
introducing a semi-empirical multiplicative factor 
common to all angular terms in the density ex- 
pansion (4). This is effectively assuming that  the 

. .  

overall form of the angular terms for the valence 
electrons will be very roughly like that  for the inner- 
shell electrons. I t  should be noted that  normalization 
of the charge distribution is unaffected as this depends 
only on the first, or radially symmetric, term. Curve (a) 
was fitted only over the range 0"08 < (sin ½0)/~ < 0.14 
for in this work (sin ~0)/X ~--0-14 was the limit of 
convergence of series (2); further, in this region the 
contribution to the scattering factor from the angular 
terms is far more important than that  arising from 
the spherically symmetric density term. A factor of 
about 1.2 was found to produce an excellent fit with 
curve (d). This value does not seem unreasonable, and 
suggests that  angular terms associated with the valence 
electron distribution may be roughly one-fifth as im- 
portant as those arising from the CI inner-shell density. 

The conclusions which can be drawn from the present 
work are two-fold. Firstly, that  in order to obtain a 
good description of the valence electron distribution 
in CC14 it appears essential to introduce into any 
subsequent treatment at least the first few angular 
terms having the symmetry of the molecule. Secondly, 
that  the application of the expansion of the density 
in spherical harmonics to the calculation of X-ray 
scattering has here reached about the limit of its 
convergence from a practical point of view. Never- 
theless, it should be realized that  the highly localized 
inner-shell electrons in CC14 afford an extremely 
stringent test of the method, and evidently the tech- 
nique has a wide applicability. 

The author wishes to express his gratitude to Dr 
N. H. March for his kind interest in this work. Thanks 
are also due to Mr. C. A. Haywood for helpfuld dis- 
cussions concerning the numerical computations. 

R e f e r e n c e s  

BANYARD, K. E. & MARCH, :N. H. (1956). Proc .  Camb. 
Phil.  Soc. 52, 280. 

BA~YA~D, K. E. & M~c~,  N. H. (1957). J.  Chem. Phys.  
26, 1416. 

BEWrLOGUA, L. (1931). Phys. Z. 32, 740. 
COVLSO~, C. A. & M~_RC~, N. I-I. (1956). Proc. Camb. Phil.  

Soc. 52, 114. 
CUNDY, H. M. (1937). Proc. Roy. Soc. A, 164, 420. 
GRINTEN, W. VAN DE~ (1933). Phys.  Z. 34, 609. 
MA~CH, :N. H. (1952). P~oc. Camb. Phil.  Soc. 48, 665. 
PIREN~-E, M. H. (1946). 'The Diffraction of X-rays and 

Electrons by Free Molecules'. Cambridge: University 
Press. 


